
















$F$ : $S^{2}arrow \mathrm{R}^{+}$ 2 $S^{2}$ $C^{\infty}$ . $X$ : $\Sigmaarrow \mathrm{R}^{3}$ ,
2 $\Sigma$ $\mathrm{R}^{3}$ ,
$\nu$ : $\Sigmaarrow S^{2}$ . $\mathcal{F}_{\Lambda_{0}}$ (X)
$\mathrm{F}_{\mathrm{h}_{0}}(X)=\int_{\Sigma}F(\nu)d\Sigma+\Lambda_{0}V(X)$, $\Lambda_{0}\in \mathrm{R}$ (1)
. , $d\Sigma$ $X$ $\Sigma$ . $V$ (X)
$X$ 3
$V(X)$ $:=(1/3) \int_{\Sigma}\langle X, \nu\rangle d\Sigma$
. $\mathcal{F}_{0}(X)$ , $\lceil V=$
$\mathcal{F}_{0}$ (X)
. , , $F$ . , $F$ $S^{2}$
$DF,$ $D^{2}F$ , $S^{2}$ $D^{2}F+F1$
. $\mathcal{F}_{\Lambda_{0}}$ ( ) parametric elliptic functiona (cf.
[3], [4] $)$ , ,
, .
, $\mathrm{R}^{3}$ $DF$ $X$ .
, $\mathcal{F}_{\Lambda_{0}}$ Euler-Lagrange
$0=\mathrm{d}\mathrm{i}\mathrm{v}_{\Sigma}DF-2HF+\Lambda_{0}=:-\mathrm{A}$ $+\Lambda_{0}$ (2)
. , $H$ $X$ , $\Lambda$ $X$ ,
A , $X$ .
, $(F\equiv 1)$ .
$X$ , $V$ (support) $\mathcal{F}_{0}$ 2
$\lceil X$ .
$F$ , Euler-Lagrange (2) ,
. , $G(\nu)=DF(\nu)+F(\nu)\nu$ $G$ : $S^{2}arrow \mathrm{R}^{3}$ $\mathrm{R}^{3}$
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2, Wulff . Wulff ,
$(1/3) \int_{S^{2}}FdS^{2}$ $\mathcal{F}_{0}$ ( ,
) . ,
$\ovalbox{\tt\small REJECT}$ ( $\mathrm{R}^{3}$ ) , ( $\mathrm{R}^{3}$
) Wulff ( , [11]). , $\Lambda\neq 0$
, ( )






. 5 , 2
– . ,
, .
Bennett Palmer ( , Idaho ) ([6], [7]) .
2
. .
2.1. $F=\sqrt{a^{2}\nu_{1}^{2}+b^{2}\nu_{2}^{2}+c^{2}\nu_{3}^{2}}$ Wulff $x^{2}/a^{2}+y^{2}/b^{2}+z^{2}/c^{2}=1$
. $x’=x/a,$ $y’=y/b,$ $z’=z/c$ , $\mathcal{F}_{0}$ $abc$ .
, $X=$ $(x, y, z)$ $\mathcal{F}_{\Lambda_{0}}$ $(x’, y’, z’)$
.
,
$\sigma:=\min$ $\min$ $\langle(D^{2}F+F1)|_{\nu}\xi, \xi\rangle$ , $\mathrm{r}:=\max$ $\max$ $\langle(D^{2}F+F1)|_{\nu}\xi,$ $\xi)$ .
$\nu\in s2$ $\xi\in$T,S2, $|\xi|=1$ $\nu\in s2$ $\xi\in$T.S2, $|\xi|=1$
, $\mathcal{F}_{0}$ ,
, Wulff ([6]).
, ([2], [9], [8]) , ,
[2], [8] .
Theorem 2.1 $2\sigma/\tau\geq 1$ , $X$ : $\Sigmaarrow \mathrm{R}^{3}$
. , $X$ Mone index , $\Sigma$
. , $X$ , $X$ (\Sigma ) ( ) Wuff
.
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, $X$ . ,
[6] .
, $X$ : $\Sigmaarrow \mathrm{R}^{3}$ . $\sigma$ $\tau$ 2
, 1 $\xi$
$0<\sigma\leq\langle A\xi, \xi\rangle\leq\tau<\infty$ (3)
. $X$ $\nu$ $\nu(\Sigma)\subset S^{2}\backslash \{\pm E_{3}\}$ (E3 $:=(0,$ 0, 1)) ,
$\alpha:=\arg(\nu_{1}+i\nu 2)$ . 1 $p_{0}\in\Sigma$ , ( ) $\hat{\alpha}$
$\hat{\alpha}(p):=\int_{p0}^{p}\nu^{*}d\alpha$
. , $p_{0}$ $p$ .
, $\hat{\alpha}$ $\Sigma$ . $\hat{\alpha}$
. , $X$ $K$ .
Theorem 3.1 $c=c(b-a, \tau\sigma^{-1})$ : $X$ : $\Sigmaarrow \mathrm{R}^{3}$
$=\Lambda$ , paramettic elliptic functional
(3) . $X$ $\Omega$
$1>M:= \sup_{\Omega}\nu_{3}^{2}$ (4)
. , $U_{0}\subset U\subset\Sigma$ , $U$
$-\infty<a<\hat{\alpha}<b<\infty$ (5)
$f\mathrm{X}\text{ }\not\in)\mathit{0}\mathit{3}[]^{\tau}.\mathrm{X}1\backslash \text{ }$ ,




Corollary 3.1 $\Omega$ $S^{2}$ , $S^{2}\backslash \{\pm E_{3}\}$ .





$1>M:= \sup_{\Omega}\nu_{3}^{2}$ . (8)
. , $c=c(b-a, \tau\sigma^{-1})$ , : $X$ : $\Sigmaarrow \mathrm{R}^{3}$
$=\Lambda$ ,
$\Omega$ , $U_{0}\subset U\subset\Sigma$ $(\theta)$
.
, $\Sigma$ . $U_{0}\subset U$ $\Sigma$ ,
$\omega=\omega(U_{0}, U)$ $U\backslash \overline{U}_{0}$ , $\partial U_{0}$ 1, $\partial U$ 0 . ,
$0\leq\omega=\omega(U_{0}, U)\leq 1$ . $1/ \mu(U_{0}, U):=\int_{U\backslash U_{0}}|\nabla\omega|^{2}d$\Sigma
$(U_{0}, U)$ . $\Sigma$ , exhaustion $U_{0}\subset U_{1}\subset U_{2}\subset\ldots$ $1/\mu(U_{0}, U_{j})arrow 0$
$(jarrow\infty)$ , parabolic . exhaustion
. , ,
parabohc .
Corollary 3.2 $\Sigma$ parabolic $|I$ . $X$ : $\Sigmaarrow \mathrm{R}^{3}$
, $X$ $\nu$ $S^{2}\backslash \{\pm E_{3}\}$ , $\nu$ (5)
. , $X$ . , $X$ (\Sigma ) , $x_{3}$ $C$
cylinder $C\cross \mathrm{R}$ .
, .
Corollary 3.3 $\Omega$ $S^{2}$ , $S^{2}\backslash \{\pm E_{3}\}$ .
, $\Omega$ $E_{3}$ 0 . ,
$c=c(b-a, M)$ , : $X$ : $\Sigmaarrow \mathrm{R}^{3}$
$\Omega$ , $U\subset\Sigma$ ,
$U_{0}\subset U$ ,
$1/\mu$ ( $U_{0}$ , U)+U0 (U $( \frac{1}{\mu(U_{0},V)}+\frac{1}{\mu(V,U)})\leq c$ (9)
, $U_{0}$ .
, $\mathcal{F}$ , [5]
Bernstein type :
Theorem 3.2 $X$ : $\Sigmaarrow \mathrm{R}^{3}$ $\Sigma$ , $2\sigma/\tau\geq 1$
parametric elliptic finctional 1 .
, $X$ , $X$ .
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( Delaunay ) ,
(Delaunay ) ([6]) $\cdot$ , Delaunay
([6]) .
$F:S^{2}arrow \mathrm{R}^{+}$ $F(\nu)=F(\nu_{3})(\nu= (\nu_{1}, \nu 2, \nu_{3})\in S^{2})$
.
$\Sigma$ , $z$ A , $\Sigma$
$X(s, \theta)=(x(s)e^{i\theta}, z(s))$ , $x\geq 0$ ,
. , $s$ ($x$ (s), $z($s)) . $X$ $\nu$
,
$\nu(s, \theta)=(z’(s)\cos\theta, z’(s)\sin\theta,$ $-x’(s))$
. , ($x$ (s), $z($ s)) .
2 $(1/\mu_{2})z’(s)x(s)+\Lambda(x(s))^{2}\equiv \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ $=:c$, $\mu_{2}^{-1}=F-\nu_{3^{\frac{dF}{d\nu_{3}}}}$ (10)
, (10) ($x(s),$ $z($s)) A .
$s$ , $\Lambda\leq 0$ . , (10)
, 6 :
$\mathrm{o}$ (I-1) $\Lambda$ =0 $c=0$ : .
$\bullet$ (I-2) $\mathrm{A}=0$ $c\neq 0$ : catenoid.
$\bullet$ (II-1) $\Lambda$ <0 $c=0$:Wuff (up to ).
$\bullet$ (II-2) $\Lambda$ <O $c=((\mu_{2}|_{\nu_{3}=0})^{2}|\Lambda|)^{-1}$ : .
$\circ$ (II-3) $\Lambda$ <0 $((\mu_{2}|_{\nu_{3}=0})^{2}|\Lambda|)^{-1}>c>0$ : unduloid.
$\bullet$ (II-4) $\Lambda$ <0 $c<0$ : nodoid.
Lemma 4.1 , :
Lemma 4.1 (i) catenoid $C$ $z$ . $C$
1 .
(ii) ( $x$ (s), $z(s)$ ), $(x\geq 0)$ , unduloid nodoid .
, $x$ $B$ (bulge ) $N$ (neck ) 1
$B>N>0$ .
(iii) unduloid $C$ $z$ , neck neck
(bulge bulge) 1 . , $C$ neck bulge 1
$(x, z)$ , $x=\sqrt{c/(-\Lambda)}$ r
(iv) nodoid $C$ . $C$ (
) , neck neck (bulge bulge) 1 .
$\mathrm{X}^{\backslash }[]^{\mathrm{R}}.,$ $3\mathrm{B}\not\cong T\mathrm{f}\mathrm{f}\backslash$ Delaunay ffiff $l’.*1\backslash Y6\mathrm{g}\ddagger \mathrm{E}_{\grave{\grave{\mathrm{A}}}}’\mathrm{R}a$) $1-\supset \mathrm{E}^{\sqrt}\ovalbox{\tt\small REJECT},$ $\supset 49^{-}6$ .
Proposition 4.1 ([6]) $\mathcal{W}$ $F=F$ (\mbox{\boldmath $\nu$}3) Wuff ,
$\sigma\mapsto(u(\sigma), v(\sigma))$ , $\sigma\in(-\infty, \infty)$
$\mathcal{W}$ . , $\sigma$ . ,
$\mu_{2}^{-1}v_{\sigma}-u=0$ , $\mu_{2}^{-1}=F-\nu_{3}\frac{dF}{d\nu_{3}}$
. $X$ (s, $\theta$ ) $=$ ($x$(s)’, $z($s)) $\Lambda\leq 0$ ,
$\mathcal{W}$ $s=s$ (\sigma ) . , $X$
:
(i) $X$ catenoid , $c$
$x=c/(2u)$ .
$(\dot{i}i)X$ unduloid , $\Lambda<0$ , $c$
$x= \frac{u\pm\sqrt{u^{2}+\Lambda c}}{-\Lambda}$
. , $x=x(u$ (\sigma ) $)$ $\{\sigma|u\geq\sqrt{-\Lambda c}\}$ .
(iii) $X$ nodoid , $\Lambda<0$ , $c$
$x= \frac{u+\sqrt{u^{2}+\Lambda c}}{-\Lambda}$
. , $x=x(u$ (\sigma ) $)$ $\{-\infty<\sigma<\infty\}$ .
, $z$ :
$z= \int^{u}v_{u}x_{u}$ du. (11)
, Wulff shape $\mathcal{W}$ $\prime x$ $z$ $(i)\sim(iii),$ (11)
, $X$ (s, $\theta$ ) $=$ ($x$ (s) $e^{i\theta},$ $z$ (s))
$2\mu_{2}^{-1}z_{s}x+\Lambda x^{2}=c$
Delaunay . , $s$ $(x, z)$ , (i)




4 , $F=F$ (\mbox{\boldmath $\nu$}3) . , $F$ $F(\ )=F(-\nu_{3})$
. $\Pi_{1},$ $\Pi_{2}$ 2 {$z=$ } , $\Pi_{1}$ 2 $\Omega$ .
$\Pi_{1}\cup\Pi_{2}$ $X$ : $(\Sigma, \partial\Sigma)arrow(\mathrm{R}^{3}, \Pi_{1}\cup\Pi_{2})$ , $X$
$V$ [X]
$V$ [X] $:= \int_{\Sigma}x_{1}\nu_{1}d\Sigma(=\int_{\Sigma}x_{2}\nu_{2}d\Sigma)$
7. $V$ [X] $X(\Sigma)\cup\Pi_{1}\cup\Pi_{2}$ 3 .
, $V$ (X) $V$ [X] 1 .
$V_{0}$ ,
$S:=$ {X:(\Sigma , $\partial\Sigma)arrow(\mathrm{R}^{3},$ $\Pi$ 1 $2)|V[X]=V_{0}$ }
$\mathcal{F}_{0}$ . , . $X\in S$
, $X$ $\Pi_{1}\cup\Pi_{2}$
.
, Wulff $\mathcal{W}$ C $4L$ , $C$ $\sigma$
$(u(\sigma), v(\sigma))$ , $-2L\leq\sigma\leq 2L$
,
$u(0)=$ ( ),
$v(\sigma)>0$ , $0<\sigma<2L$ ,
$v(\sigma)<0$ , $-2L<\sigma<0$
. $C$ $\text{ }$
{
$\kappa\geq 0$
$\kappa’(\sigma)\geq 0$ , $0<\sigma<L$ ,
$\kappa’(\sigma)\leq 0$ , $-L<\sigma<0$
(12)
. , .
Theorem 5.1 $F=F$(\mbox{\boldmath $\nu$}3) . $X$ : $(\Sigma, \partial\Sigma)arrow(\mathrm{R}^{3}, \Pi_{1}\cup\Pi_{2})$
Delaunay , $X$ , Wuff $\mathcal{W}$ , ,
unduloid nodoid .
(i) $X$ $\mathcal{W}$ , $X$ .
(ii) $X$ , $X$ ,
$\frac{\mu_{1}(0)|\Lambda|}{R}\leq(\pi/h)^{2}$
. , $\mu_{1}^{-1}=(1-\nu_{3}^{2})(d^{2}F/d\nu_{3}^{2})+\mu_{2}^{-1}$ ,
$R,$ $h$ $X$ .
(iii) $X$ nodoid , $X$ .
(iv) $X$ unduloid . $\mathcal{W}$ $C$ , $u^{2}.+\Lambda c\geq 0$
(12) . $X$ .
, $\mathrm{A}=$ , Alexandrov ,
.
Theorem 5.2 $F=F$ (\mbox{\boldmath $\nu$}3) . $X$ ,
$(\Sigma, \partial\Sigma)arrow(\Omega, \Pi_{1}\cup\Pi_{2})$ . , $X$
0 . , $X$ , $X$ (\Sigma ) (
) Wuff .
Theorems 5.1 5.2 .
8Corollary 5.1 $F=F$ (\mbox{\boldmath $\nu$}3) . $\mathcal{W}$ $C$ (12) .
,
(i) $(\Sigma, \partial\Sigma)arrow(\Omega, \Pi_{1}\cup\Pi_{2})$ ,
Wuff , , .
(ii) $(\Sigma, \partial\Sigma)arrow(\mathrm{R}^{3}, \Pi_{1}\cup\Pi_{2})$ ,
Wuff , , .
Remark 5.1 , $F$ $\kappa$ . , Corollary 5.1
(i) , [1] [12]
. , [1] [12] .
. [1] [12] 2
, , unduloid , nodoid
.
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